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Abstract 

We consider the Navier-Stokes system describing motions of viscous compressible heat-conducting 
and "self-gravitating" media. We use the state function of the form p(r],0) — po(rj) + pi(n)0 linear 
with respect to the temperature 6, but we admit rather general nonmonotone functions po and p\ 
of r/, which allows us to treat various physical models of nuclear fluids (for which p and n are the 
pressure and specific volume) or thermoviscoelastic solids. For an associated initial-boundary value 
problem with "fixed-free" boundary conditions and possibly large data, we prove a collection of 
estimates independent of time interval for solutions, including two-sided bounds for n, together with 
its asymptotic behaviour as t — » oo. Namely, we establish the stabilization pointwise and in L q for 
w, in L 2 for 6, and in L q for v (the velocity), for any q £ [2, oo). 



1 Introduction 

The problem of large-time behaviour of solutions to equations of a Id-flow of viscous compressible heat- 
conducting fluids (or gases) with large data was studied in a lot of papers including |(| [jlTj (l3) fli| . 
All these papers deal with the case of particular (polytropic gas) or general pressure law p(rj, 9) but 
always monotone with respect to the variable -q (here r\ and 9 are the specific volume and the absolute 
temperature) . It is well known that this monotonicity is not valid in a number of physical situations. In 
particular, the case of the two-term pressure 

p{v,6)=p {r))+Pi(v)0, (1) 

which is linear in 9 but with complicated nonmonotone po(r/) is of importance for nuclear fluid models, 
see H H and references therein. 

The case of the two-term function (|l|) with other properties of po and p\ , and nonmonotone p\ is also 
interesting in a completely different physical context, namely for thermoviscoelastic solids (shape memory 
alloys), see [^0| Jl^] [|T) and references therein. In these papers, for models with essentially simplified 
forms of the viscosity term and heat flux in the equations, the stabilization of solutions was studied but 
for 77 it was proved only in the case po = 0. 

We also mention papers concerning stabilization in nonmonotone barotropic case (where p = p(ji)) 
for fluids U| H pj fyj and for viscoelastic solids § @. 



Notice that nonmonotonicity of p complicates in an essential way the problem of stabilization. In 
particular, the stationary specific volume becomes nonunique and can be discontinuous. 
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In this paper, we consider the pressure law (|lj) with rather general nonmonotone po and p\ and 
we study both the cases of nuclear fluids and of thcrmoviscoelastic solids (without the aforementioned 
simplification in the viscosity term and the heat flux) . Moreover a large external force of "self-gravitation" 
type is also taken into consideration. For an initial-boundary value problem with "fixed-free" boundary 
conditions and large initial data, we prove a collection estimates independent of time interval for solutions, 
including two-sided bounds for the specific volume rj. Moreover we establish the pointwise and L q - 
stabilization for rj, L 2 -stabilization for the temperature 9 and the pressure p, and L 9 -stabilization for 
the velocity for any q G [2, oo), as time tends to infinity. In the nuclear fluid case, we also justify the 
sharpness of the main condition on the "self-gravitating" force. 



2 Statement of the problem and main results 

We consider the following system of quasilinear differential equations for ld-motions of viscous compress- 
ible heat-conducting media 

{Vt = v x , 
v t = (Jx+ g, (2) 
e[r],6] t = av x + w x , 

where (x, i) 6 Q = ft x R + = (0, M) x (0, +oo) are the Lagrangian mass coordinates, with M being the 
total mass of the medium. 

The unknown quantities rj > 0, v, and 9 > are the specific volume, the velocity, and the absolute 
temperature. We also denote by p — — the density, a = vpv x — p[n, 9} the stress, e(n, 9) the internal 
energy, and — it = —n[ri,9]p9 x the heat flux. 

In all the paper, the notation p[r], 9]{x, t) = p(r)(x, t), 9(x, t)), for /i = e.p, k, etc. is adopted. 

In order to fix the state functions p(rj : 9) and e{rj, 9), we define the Helmholtz free energy 

*(?7, 9) = -c v 9 log 9 - P {r)) - Pi (77) 9, 

where cy = const > 0. Then thermodynamics tells us that 

p( V , 9) = -*„(ry, 9) = p ( V ) + Pl (r]) 9, (3) 

with pq = Pq and pi = P[ , as well as 

e( V , 9) = V(r), 9) - 9V e (n, 9) = -P (r?) + c v 9, (4) 

where tf„ = || and * e = ff . 

First, we consider the more difficult case of the nuclear fluid. We suppose that the functions po,pi <E 
C 1 (R+) are such that [] 

lim p (r)) = +00, lim p n (rf) = 0, (5) 

?)— »0+ r)^oo 

Pi{ij) > 0, riPiiv) — 0(1) as 77 — > 00. (6) 

Suppose also that the viscosity and heat conductivity coefficients are such that v — const > and 
k E C 1 (R + x R + ), with < k < K(n, 9) < k, where k and k are given constants. 

Let the so-called "self-gravitation force" g £ In fact, this name does not correspond exactly 

to the physical situation, as, at least in the nuclear fluid case, the corresponding "physical" force is the 
Coulomb force between charged particles, which contrary to the Newton gravitational force, is attractive. 
Although the distinction Coulomb-Newton is of utmost importance in multidimensional problems, it is 
harmless in the Id-context. 

1 Note that C X (R + ) stands for the space of continuously differentiable functions on R + , but not necessarily bounded. 
The spaces C 1 (R + X R. + ), C(R" 1 "), C(R), etc. used below are understood similarly. 
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Let us supplement equations (|2|) with the following boundary and initial conditions 

v\ x=0 = 0, <r\ as=M = -Pr, e \x=o = r, v\ a=M = > ( 7 ) 
»7lt=o = *7°(*)> v\ t=0 =v°(x), 9\ t=0 = 9°(x), (8) 

with an outer pressure pr = const and a given temperature 9r = const > 0. 

Throughout the paper, we use the classical Lebesgue spaces L q (G) together with their anisotropic ver- 
sion L q ' r (Q), for q,r G [1, +oo], and we denote the associated norm by || • \\Li- r (Q) — || II ' lli«(Q) Hirm+y 
In Section 2, we also use the abbreviate notation || • ||g for || • ||l 2 (g)- 

Let also V^Q) be the standard space of functions w having finite (parabolic) energy ||iu||v 2 (Q) — 
||w||i2,oo(Q) + ||w :E || i 2(Q). We denote by if^fi) (resp. H 2,1 {Qt)) the standard Sobolev space equipped 
with the norm \\<j)\\m(n) = \\^\\L^(n) + H^xlU^n) (resp. ||u;|| H 2,i(Q r ) = \\w\\ L 2.^ (Qt) + \\w x \\ V2{Qt) + 
ll w i||L 2 (Q T ))- Hereafter Q T = ft x (0,T). 

In Section 2, we shall also exploit the integration operators I*<j>(x) = j M <j)(^) dt;, for <j> S L l (fl), and 
I a(t) = f*a(r)dT, for a G ^(O^T). 

Suppose that the initial data are such that 77° G L°°(Q) with ess info?7 > 0, v° G i 4 (^), 9° G £ 2 (H), 
log 9° G L 1 (Q) with 9° > 0. 

Though it is possible to establish our main results for weak solutions , to simplify the presentation, 
we limit ourselves to the case of so-called regular weak solutions || such that n G L°°{Qt), f] x ,T]t G 
L 2 '°°(Qt), ming 77 > 0, and v,9 G H 2 ^(Q T ), 9 > in Q T , for any T > 0. We consider the problem of 
existence of the latter solutions in Appendix. 

Now we summarize our main results concerning problem (§), (|), (§), under conditions (|),(|). 

Let us define the function 

l-M 

ps(x) := pr - / g(0 d£, for x G 0, 

J a; 

which plays the role of a stationary pressure, and set P s '■— mm n an< ^ : ~ max n Obviously 
£ s < Pr < P S - 

Let iV > 1 be an ar bitrarily large parameter and K t = K,{N) and = K^(N), i = 0, 1, 2, be 
positive nondecreasing functions of N, which can also depend on M, v, k, 7c, etc, but neither on the initial 
data nor on g. 

Theorem 1 1. Suppose that the initial data, pr, and g are such that 

N~ l < rf < N , \\v a \\ LH n ) + \\\og9 \\ Llm + \\9°\\ LHn) < N, (9) 

\\9\\mn)<N, N^Kpg. (10) 
Then the following estimates in Q together with L 2 (fi)- stabilization property hold 

0<iff 1 =rj< n(x, t) < rj = K 2 in Q, (11) 

\Mv 2 (Q) + \\v 2 \\v 2 ( Q ) + II log0|Ui,~ (Q) + \\(log9) x \\ L 2 iQ) + \\6- 9 r \\v 2 ( Q ) < K 3 , (12) 

\\p[v>0]-Ps\\l*(,q) < K 4 , 

\\v 2 {-, t)\\ L 2 {n) + \\0(; t) - 9 r \\ L 2 (n) + \\p[n, 9](; t) - p s (-)IU»(n) as t 00. 
2. Suppose that p(ji, 9) satisfies the following additional condition: 

For any c G [p s ,Ps]> there exists no interval (771 , 772) such that p(j],9r) = c on (771,772)- (13) 
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Then the following pointwise stabilization property holds for r\: there exists a function rjs € L°°(f2) 
satisfying 

p(r)s(x),6r) = Ps(x) and 77 < rj S (x) <rj on Q, (14) 

such that 

r)(x,t) — > r]s(x) as t — * 00, /or a/Z 2; G f2. (15) 

and consequently \\r](-, t) — J7s(")||i<i(n) ~> as i — > 00, /or any g G [1, 00). 

3. Suppose that, additionally to the hypotheses of Claim 1, ||t |0 ||L<j(n) < N, for some q G (4, 00). Then 
the following estimate in Q together with L q (Q) -stabilization property hold 

\\v\\l«.°°(Q) + ||«IU«>.«(<2) < K 5 q, 
\\v(-,t)\\Li(n) ->■ as t -> 00, 

where K§ does not depend on q. 
Remarks: 

1. An elementary but important consequence of Claim 2 is that V{t) := J Q r)(x, t) dx ->■ Vs > 
as t — > 00, where V(i) is the volume of the fluid (or in other words, the Eulerian position of the free 
boundary) . 

2. For nonmonotone p(rj, 6p), if there exist two points < 17 W < T]^ 2 ' such that 



and such that, moreover 



<p (i) ~ p (r,^,e r )< p^ :=p{v™,0r) <p s , 



' <p(r),6 r ), for < rj < 77 W , 
p( x ) < p(r), Or) < p^ , for 77W < 77 < ?/ (2) , 

p(r), 0r) < p^ 2 \ for 77^ < 77, 

then, necessarily 77s ^ C(Q). Moreover, consequently, the convergence in ( |l5| ) cannot be uniform in 
x. In fact, even for g = 0, if the equation ^(77, 0p) — Pr has more than one solution, then r)s can be 
discontinuous in f2. Namely, if this equation has exactly k solutions rf^ < ... < rf k >, then the function 
77s can be written as 

k 

3=1 

where 1 < j < k, are any measurable nonintersecting subsets of O (some of them may be empty) 

k 

such that Ej = fl, and x{Ej) are their characteristic functions. Unfortunately, we cannot assert more 
3=1 

about 775. 

Let us justify that the second condition ( [To| ) is essential in Theorem 1. Set m(#r) : = m f^>op(77, 0r)- 
Obviously m(#r) < 0, and if po > — Pi^r, then m(6r) = 0. 

Proposition 1 Let t/ie hypotheses of theorem 1, Claim 1, be valid, but suppose that p < m(9r), instead 
of N- 1 <p s . Then 

limsup = 00. (16) 

t — >oo 



This property means that the upper bound for 77 in ( 1 1 ) is violated and physically, that the fluid can 
asymptotically expand in the whole halfspace. 

Let us also consider the borderline case p s = m(8r). 
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Proposition 2 Let the hypotheses of theorem 1, Claim 1, be valid and p{rj,6r) > m(9r) = 0, but 
Ps(0) = instead of N^ 1 < p$. Then at least one of the following properties holds: 



lim sup 



t — >oo 



v(x,t) dx 



<> 



(17) 



lim r)(0,t) = oo. (18) 



t — >oo 

If in addition p(j), Or) dn < oo and p — ps(0) = 0, then \\v\\ 1,2,00 (q) < K3, but property (T^ ) 
holds. 



Properties (|17|) and ( Jl 8| ) mean that estimate (|12|) and the upper bound for r\ in (|llj) are violated 
respectively. 

Note that propositions |l| and || go back to results of [p5| where the barotropic case was studied. 

Finally, we consider the case of thermoviscoelastic solids. Let p < p s be fixed. Suppose that, instead 
of (||) and (||), the following conditions hold 

Ps — Po(v) an( i < pi(jf) for < rj < fj, (19) 

Po{v) < P s an d Pi(v) < for < f] < rj, (20) 

for some < fj < fj < 00. The conditions of such kind are of standard type for the thermoviscoelastic 
case. 

Theorem 2 All the Claims 1-3 of theorem [1| remain valid under conditions ( fl^ and $2(\), and without 
the condition N^ 1 < p s . 

Remark: 

We could consider the viscosity coefficient v — v(r\) > vq > 0, v £ C 1 (R + ) as well as body force and 
boundary data in the form g[x, t) = gs{x) + Ag(x, t), pr{t) = pr,s + Apr(t), and 9r(t) = 9r,s + A0r(t), 
with perturbations Ag, Apr, and A#r tending to zero as t — > 00 in some weak sense (compare with the 
barotropic case jll|]). To simplify the presentation of the results and their proof, we do not realize 
this possibility in the paper. 

3 Proof of the results 

We begin with the proof of theorem |l| which follows from a lengthy series of lemmas, providing necessary 
a priori estimates and stabilization properties: Claims 1, 2, and 3 will be proved respectively in lemmas 
1-9, lemmas 10 and 11, and lemmas 12 and 13. 

Then we proceed with the proofs of propositions |l| and || and theorem ||. 

3.1 A priori estimates and proof of theorem 1 

Lemma 1 The following energy estimates hold 

IMUi.-(q) + IMU».~(<» + II^IU^(o) + II iog0|Ui.-w) < (21) 
||W^IIq + II^*||q<# C2) . (22) 
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Proof: Equations (g) and (|3j), (|f|) imply the equations 

1 



2 v 2 + e[r],d}j = (av + ir) x +gv, (23) 

cv#t = 7i"x + {vpv x - pi [rj\6) v x . (24) 

Hereafter we use the notation ^[ry](x, t) — fx(j](x, t)), for \x — pi, Pi, i = 0, 1, etc. 
By multiplying the second equation by 3, we get 

(cylogfl + PxM), = -TTx+I/^. 

By multiplying this relation by #r, and subtracting from equation (p^), we obtain 

\v 2 + efo, 0] - c v r log — - 6 T P 1 [77] + p r r/ ] + 0r^^ = ((o" + Pt)v) x + ( 1 - % ) tt x + gv. 



2 ut , . . 

Setting P(r), 6) := Po{rj) + Pi(v) 0, integrating this equality over VL, and using the formula 

I gvdx = I (I*g) v x dx = j (I*g) rj dx, 

we finally get 



d 



+ 6r J (v p -vl + k [ti, e]^el) dx = 0, (25) 

for any constant C. 

Conditions (||) and (^J) imply the property 

P(r), Or) < £V + C e on R+, Ve > 0. 

By integrating ( p5|) over (0, T) for any T > 0, applying conditions @ and ( |ic| ) and choosing e := 

we obtain estimates ( |2l| ) and Here, the elementary inequality < a — log a + log 2 — 1 is taken 

into account. □ 

The following auxiliary result on ordinary differential inequalities is useful to prove lower and upper 
bounds for the specific volume rj in various situations. 

Lemma 2 Let Nq > 0, N± > 0, and Eq > be three parameters. 

Let f G C(R) and y,b £ W 1 ' 1 (0, T), for any T > 0. The following claims are valid: 

1. if 

It * f{y) + dt ° n R+ ' 

where /(— 00) = +00 and 6(t) — 6(t) > — Nq — N\(t— t), for any < r < t, then the uniform lower bound 
holds: 

min{y(0), z} - N Q < y{t) on R + , 

where the number z — z(Ni) is such that f(z) > N\, for z < z; 

2. if 

- < f(y) + -on R+, 

where limsup z ^ +oc f(z) < 0, and b(t) — b(r) < Nq — eo(t — t), for any < r < t, then the uniform upper 
bound holds: 

y(t) < max{y(0), z} + N on R + , 
where the number z — z{sq) is such that f(z) < Sq, for z > z. 
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Remark: 

In lemma ^J, one can drop the conditions /(— oo) = +00 and limsup 2 ^ +oc f(z) < 0, take / S C(R x 
R + ) and replace f(y) by f(y,t). Then Claim 1 remains valid if, for a fixed N\, there exists z such that 
f(z,t) > Ni, for z < z and t > 0. Similarly, Claim 2 remains valid if, for a fixed £0 > 0, there exists z 
such that /(z, t) < £q, for z > z and i > 0. 

Lemma ^]is borrowed from p^ ], where in both claims, differential equalities are used, but one checks 
easily that the proof remains valid for inequalities; the similar conclusion is valid concerning the above 
remark. The statements of the type specified in this remark are well known in viscoelastic and thermo- 
viscoelastic contexts. 

Lemma 3 For 77, the uniform lower bound holds 

0<ti=(k ( - 3 A 1 <rj{x,t) inQ. 

Proof: The action of the operator I* on the second equation (|^) gives the equation 

I*v t = -vpv x + p[r), 9} - ps, (26) 
which together with the relation pv x = (log rj)t lead to the another important equation 

(v\ogrf) t =p[r),0] -ps-I*v t - (27) 
By putting y :— v log 77, exploiting the property p\[rj\6 > 0, and fixing any x € f2, we get 



dy ( y \ _ d 

> PQ ^exp(-)) - p s - -I v. 



dt 



The function f(z) := p (exp(^)) — p s satisfies the property /(— 00) = +00 (see (^)). Moreover, due to 
the energy estimate ( plj ) 



< 2 sup \I*v\ < 2M 1/2 \\v\\ L 2^ (Q) < K . (28) 



Now Claim I in lemma g (with N\ — 0) implies the estimate 

min{^ log 77 (x), v log 77} — Kq < t/(x, ?;), 
with a number 77 such that po(^) — Ps > 0, for any < 77 < 77. Then: 

77 := min{-ZV -1 , 77} exp( -) < r/(x,t) in Q. □ 

The next auxiliary result on ordinary integral inequality is useful to deduce a uniform upper bound 
for 77. 

Lemma 4 Let b be a nondecreasing function on [0, T] with 6(0) > 0, and let a € -^(0, T) be a nonnegative 
function. If z € L°°(0,T), z > satisfies 

z(t) < bit) + / a(r)z(r) dr on (0, T), 
Jo 

then the upper bound holds: 

z(t)<6(t)expQf a{T)dT^j <b{t) exp (HalU^o.T)) on (0, T). 
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The result follows immediately from the integral GronwalPs lemma (for example see 
into account that 



if one takes 



z(s) < b(t) 



[ a(r)z(r) dr, for < s < t < T. 
Jo 



Lemma 5 For rj, the uniform upper bound holds 

T](x, t) <rj = in 



Proof: Let us rewrite the first equation (g) as follows 

Vt = -(o" + S) rj + -r) (p[r], 9} - 6) , 
v v 

where 5 is a parameter. We consider this equation as an ordinary differential equation with respect to 77 
and obtain the formula 



77 = exp ( - JqO + 5) j I rf + ~h 



(29) 



By applying the operator I to equation (pq), we find 

I a = -p s t-r(v-v ). 
So by choosing 5 := \p and using estimate (Pq) , we get 

- J (<7 + 5)1*. = -- (ps - 5)(i - t) - - I*v\t < -a(t -t)+K x on H, for all < r < t 

V V V 

with a := ^p > 0. Conditions @ and @ on po and pi together with the lower bound rj < r\ give 

V (piVi d]~ 8) <-q max{poM - 5,0} + r\p\ [rf\8 < K 2 + K 3 9. 
Therefore formula (E9L) implies the estimate 



V(t) :=h(-,t)|| L » (n) <K A e~ 



1+ / e aT (l+||^-,T)|| L » ( n)) dr 



(30) 



Set a 



. It is well known |J || that the inequalities 

||0|U~(n) < ^P\\ma) + \\0 x \\mn) < ^ll^ll^(n) + {a\\9\\ L i m \\6\\ L ~(n)V) 



1/2 



<£ 



1 



1 



together with the estimate ||#||z,i.°°(<2) < K^ 1 ' imply 

I^Hl-CO) < ^5(1 + at]). 
So by using estimate (j30|), the function z(t) := e at fj(t) satisfies 











J a{T)z{r)dT^ 


on R+ 









As ||a||ii(R,+) < (K^) 2 according to lemma [l], by using lemma |^ 

z(t) < K 6 exp (at + Kq{K {2) ) 2 ^ = K 7 e at on R+. 
This means that r\ < f] < rj :— K7 in Q. □ 



Corollary 1 For v, the following estimate holds 



= IMIq<NIl-( Q )<(^ (1) ) 1/2 



Ve 



Proof: In fact, by using lemma [l], we have 



M C {n) ^ KIU 1 ^) < ll^llii(n) 



< (^(D)i/2 



and 



Ve 



<fr x ' 2 



Ve 



Ve 



Note that similarly ||(log < rj 1/2 K^ 



(31) 



The following auxiliary result on ordinary differential inequalities will be exploited when proving 
V^(<3)-estimates and L 2 (^-stabilization for v 2 and — #r- 

Lemma 6 Let ciq — const > and a,h € L 1 (R + ). If a function y > on R + satisfies y £ W ' (0, T) 
for any T > and 

^- + (a Q + a)y<h on R+ , (32) 
at 

then the following upper bound together with stabilization property hold: 

y(t) < (y(0) + ||/i|Ui ( r+)) exp(||a|| L1(R+) ) onR+, (33) 
y(t) — > as t — > oo. 



It is easy to derive this simple known result by multiplying (|32| ) by exp Jo (ao + a) and integrating the 
result; of course estimate ([}3|) holds also for ao = 0. Note that more general result can be found in ]2^| ; 
lemma 2.1. 

Lemma 7 For v 2 and 8 — Or, the following estimate with the stabilization property hold 



\\v 2 \\v 2 (Q) + \\e-er\\v 2 ( Q) <K^\ 
\\v 2 (-,t)\\ n + \\9(-,t) - 6 T \\n ^ as t -f oo. 



(34) 



Proof: By rewriting equation (|23|) as follows 

'1 



v +c v (e-e T )\ = (av + tt) x +po[rj\v x + gv 



and taking L 2 (0)-inner product with hv 2 + cyiQ — #r), we obtain 

\~~dt J (j2 y2 + Cy (® ~ ® r ^) dx + Kvp 1 '* ~ pl 7 i,e]) v + K [v,e]pex}(vv x + c v e x ) dx 



(poMvx + gv) ^v 2 + c v (e - 6» r ) j - p r yv Qv 2 4 n (« tfj- i 



x—A'f 



(35) 
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We also take L 2 (f2)-inner product of the second equation ^ with v 3 : 

4 dt J n J n 

gv 3 dx- Pr v\ =M . 

By summing up equality (|35|) and the latter one multiplied by a parameter 8 > 1, we get 

1 d /" / 1 
2~dl 



= - [ycy + k[t], 9]) pvv x 9 x dx 
Jn 





dx + 


/ 






./S2 



PoivK ^v 2 + cv{6-6 v ) +p[r),6] ((1 + 3S)v 2 v x + c v v6 x ) 



i- / //<■ ( (J + 5)v 2 + c v (6 - 9 r ^j dx - Pr (v ^ + 5)v 2 + c v (8 - 9 r ) 

= : h+I 2 + I 3 + h. 



dx 



-M 



Let us estimate the summands in the last equality. First, by using the two-sided bounds 77 < 
and k < k < k, we deduce 

KTM^Hn + IIMn)^ / [(l + 3S)ypv 2 v 2 x + c V K[r l ,e}pel] dx, 

Jn 

and 

< ^Hwxllnll^lln < ^rlMfi + e||0*||n> Ve > 0. 
Second, by using the estimates \po [q] \ < K3 and 

\p[t],0\\ = |p[j7^ r ] +pifo](0 - r )| < (1 + \0 - 9r\) , 

we have 

|/ 2 |<^5 / (Sv 2 \v x \ + \v6 x \) dx+ [ \9~9 r \(\v x \ + 6v 2 \v x \ + \v9 x \) dx =: K 5 (I 21 + 1 22 ). 
Jn Jn 

Furthermore the following estimates hold, for any e > 0: 

hi < S\\vv x \\ n \\v\\ n + \\v\\n\\9 x \\n < e (5\\vv x \\ 2 Q + \\9 x f n ) + ^\\vf a , 



and 



I22 < \\0-Or\\ L ° 



(n) 



V9 



Ml^U + 0r\\n\\v\\ L ~ m (S\\vv x \\ n + \\0 x \\ a ) 



: ( + INI fi 





v x 


) + 2e 


V9 



- v 



L°°(n)l 



0r\\ 



Third, we obtain 



I/3I + IAI < (hh^+Pr) \\v\\ c(n) M 1 / 2 \\(l + 2S)vv x + c v 9 x \\ n 



<e(S\ 



K 6 6, 



vv 



x\\n t \\"x\\n) 



C(O)' 
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where all the above quantities Ki,l < i < 6, do not depend on S and e. 

Now, by choosing e := Kj small enough and then S :— K$e~ 1 large enough, and setting 



V ■= 



we get 



with a :— |Mli=°(fi) an( i ^ 



' 1 I 2' 



f + ic 9 - 1 (IH,l 




' (see @) 




+ l|0-*r|ln 



It is clear that 



dy_ 

dt 



l v 2 + c v {6-e T )\ + 5 -v i 



l + \\O x \\l)<K w {ay- 
; moreover 

<y<K xx (\\\v 2 \\l 



+ K 12 1 y<K w (ay + h), 



dx, 



(36) 



with K 12 := KgKnM 2 . By corollary | we have ||a|| L i(R+) < K^\\h\\ L i {R+) < (if (5) ) 2 , so lemma § 
implies 

y(t) < if 13 on R , and y(i) — > as i — > oo. 
By integrating inequality (B6|) over R + , we also obtain 



^9 1 (II^xIIq + PxWq) <y{0) + K 1Q ||a|| L i(R +) supy+||A|Ui(R+) , 



R 



so that H^^IIq + II^i'Hq < K 14, and the lemma is proved. □ 
Let us now estimate v x in L 2 (Q). 

Lemma 8 TTie following estimate holds 

\\v x \\Q<K^. 



Proof: By taking L 2 (f2)-inner product of the second equation (|^) with v, we get the equality (compare 
with @) 

^ y (J^v 2 + p s i] ~ P{r],8 r }j dx + J^vpv 2 x dx = J pi[ij\(6 - r ) v x dx. 

By integrating it over (0, T) and exploiting the bounds r\ < r/ <rj, we get 

\\v x \\Q T <Ki{l + \\6-e v \\ QT \\v x \\ QT ). 

So \\v x \\ Qt < K\ /2 + Ki\\9 - 6 t \\ Qt < K{ /2 + KiM\\9 x \\q t , for any T > 0, and the result follows from 
the previous lemma. □ 

Now we prove additional properties of p[rj, 9] — p$. 
Lemma 9 For p[rj,0] — ps, the following estimate together with stabilization property hold 

\\p[v,0}- Ps \\ Q <K^\ (37) 
\\p[r),e}(;t)-p s {-)\\ Q ^0 ast^oo. (38) 



11 



Proof: 

1. Equation (J2q) implies the following equality, for any T > 



\\pfaO]-Psr QT + \\I*v t \\ 2 QT = \\ppv x r QT + 2 / (p[ri,6] 
Elementary transformations and the bounds 77 < 77 < 77 give 



Ps) I* v t dx dt. 



/(p[rj,6] — ps) I*vt dx dt = I (pfa, #r] — Ps) I*vtdx dt + / pi[rj\{9 — Or) I*vt dxdt 
Jt Jq-t JQt 



(p[v,0r] ~Ps) I*vdx 



PrjlVi Vt I*v dx dt + / Pi[rj\{0 — Or) I* v t dxdt 

j Qt JQt 



< 



Xi (|K-,T)||n + ||«°||n + \\v x \\q t \\v\\ Qt + \\0 - t \\q t ||i*«t||<j T ) • 



Therefore 



WphO] -psf QT + ^\\I*vt\\ 2 QT < vyT 2 \\ v *\\Q T +Ki (\\v(;T)\\ n + N + M\\v x f QT ) + (XiM) 2 ||^||| T 



so estimate (|37|) follows from lemmas gj, Wl and |8|- 

2. First, instead of property (|38|), let us prove that 

\\p[r),er}(;t)- P s(-)\\n^Oast^oc. 

By using the estimates 77 < 77, (|37|), and ||# x ||q < -K^ 6 \ we have 

IIpMH-psIIq < lb[»?.^-Ps||g + llpiWIU-(g)ll«-«rllg<^2 

Then also 

dt = 2 I I p v [r),0r)r)t(p[n,Or]-ps)dx 



-Tj. (IbMr] ~Ps\ 



dt 



< 2\\p v [r],6r\\\L<»{Q)\\vx\\Q\\p[ri,0r\ ~ps\\q < K 3 . 

Estimates ( |40| ) and ( |4l| ) imply property (|39|). 

But by the bounds 77 < 77 < 77 the stabilization property ( p4[ ) we get 

\\\p[v,6] -Ps\\ci - \\p[v,9r] -Psllnl 
2M 1 /2(||p[ ??i r ]|| i3O(o)+ p s ) +||p 1 M|| 1 - (n) ||0-0 r ||nl ||pifo]|U-(n)||0 - 0r\\a 



(39) 
(40) 

(41) 



< 



< K A (1 + \\9 - T \ 



?r||n — » as f — » 00, 



so that (B9h implies (B8h. □ 



To establish the pointwise convergence of the specific volume rj(x, t) as t — > 00, we need a modification 
of the Ball-Pego lemma [H concerning "almost autonomous" ordinary differential equations. 

Lemma 10 Let f G C(R) be such that, for a given constant fs, there exists no interval (2:1,2:2) 
such that f(z) = fs on (21,22)- Let also a, (3 € C(R + ) be two functions such that a(t) — > and 
f3(t) — > as t — > 00, as iweiZ as a € L 1 (R + ). 

7f a function y satisfies sup < 00 7 7/ g W 1 ' 1 ^, T) /or aZ/ T > 0, and 



R + 



/(y + a) -fs + a + p on R+, 



then 



y{t) -^Vs as £ > 00, and /(y s ) = /s- 
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The result remains valid if one sets (3 = and replaces the condition a £ L X (R + ) by the following 
ones 

fteC(R + ), ai € L 1 (R+), and /3 x (t) -> as t -> oo. 

Proof: We set := J.°° a(r) dr and, for z := y — A, we get 

dz 

— = f(z + a) - f s + (3, (42) 

where a :— a + A S C(R + ) and 5(f) — ► as f — > oo. Note that z G C 1 (R + ), in virtue of equation ([42]) , 
and 

sup |z(t)| < sup |y(f)| + ||a|| i i (R+) . 

R+ R+ 

Suppose that zi := liminf z(t) < z 2 := limsupz(f). Then for any zo € [z\,Z2), there exist two se- 

*— 100 t— .oo 

quences {fifc} and {f 2 fc} such that 

dz dz 
z(h k ) = z(t 2 fc) = z , ^(*u)>0, ^-(f 2 fc)<0. 

Equation ( f42| ) applied for f = fi& and f = f 2 £ as k — > oo implies that /(zo) — /s = 0. So by contradiction 
with the condition on /, zi = z 2 = z$ := lim z(f). 



By integrating equation (42) over the interval (k— 1, k) and passing to the limit as k — > oo, we obtain: 
/(zs) — /s = 0. It remains to use the equality lim^oo y(t) = lim^oo z{t) to obtain the required result. 

To prove the last part of the lemma, it suffices to apply the decomposition a = a + /3, with a :— 
— s^laJ ,f3 := — an d faff) ■= + ; hereaeL 1 CR + ),/3e C(R+), and /3(f) ^ as t -> 

|ai|+/3i |ai|+/3i t+1 

oo (since |5| < |ai| and < |/3(f)| + ^-). □ 



Lemma 11 Let condition (|7j|j &e satisfied. Then the following pointwise stabilization property holds for 
the specific volume n: there exists a function rjs G L°°(£i) satisfying (fO) such that 



T](x, t) — > rjs(x) as t — > oo, for all x £ fl. 



Proof: For any fixed we rewrite equation (E7h in the following form 



^=f(y + a)- Ps + Pl [r)}(6-6 r ), (43) 



with y := vlogn — a, a :— —I*v, and /(z) := p (exp(^), Or) ■ Property (13) yields the corresponding 
property of / in lemma for any fs = Ps(')- 

By using the bounds n < n < rj and the stabilization property ( pij ) we get 

sup \y(t)\ < v max{| log^j, | log^|} + M 1/2 ||u|| L 2,oo (Q) < K u 
t>o 

\a(t)\ < M 1/2 \\v(-,t)\\ n -> as f -> oo. 
We also have, by the Holder inequality for numbers 

\pi[ri\{6-e v )\ < lbiMIU» (Q) ||&-&r|| c(?T) <^ 2 ||^lla /2 ||^-^|ln /2 

< \\9 x \\l + K^ /3 \\9-9 r \\ 2 ( { 3 ^.a.+fJ,. 
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The functions a(-,t) := pi[n](-,t)(9(-,t) — 9p) and a\, j3\ satisfy the conditions of the final part of lemme 
|l^ by virtue of lemma ?] (together with the properties rj(-,t),9(-,t), \\9 x (-,t)\\n G C(R + )). 
So by condition ([l2 ) and lemma there exists 

lim y(t) = y s , with f(y s ) =ps, 

t — >oo 

i.e. Tj(-,t) — > t]s(-) = exp(^) as t — > oo and p(r]g(-),9r) = Ps(')- The bounds 77 < 77 < rj and the 
measurability of r](-, t) on f2 imply the bounds 77 < rjs <Tj and the measurability of 775 on f2. □ 

Note that the Lebesgue dominated convergence theorem immediately gives 
\\y(;t) - Vs(-)\\li(Q) -> as t -> 00, for any q G [l,oo). 

To prove the stabilization for d in L 9 (f2), we turn to the auxiliary linear parabolic problem 
r Ut = (fxu x - 4>) x + g in Q, 

(44) 

I «L=o = °: (M^ - WU=m = -Pr(t), u\ t=0 = u°(x). 

Suppose that \x € L°°(Qt) and fit G L 2 (Qt) for any T > 0, with < /j < fi in Q. Suppose also that 
(f> £ L 2 '°°{Q), g G L^°°{Q), p r £ L°°(R + ), and that u° G H x (n), with u°(0) = 0. 
Set := ||w||i9.°°(Q) + II u IIl°°.9(Q) to shorten the notation. 



Lemma 12 Let u G H 1 (Qt) H L°°(Qt) for any T > be a weak solution to problem such that 
|||u|||2 < 00. Then, for any q G [2, 00), </ie following estimate together with stabilization property hold 

IHIU < C [||«°||i«(n) + 9 (I|0IU=.-(Q) + IMki.°°(Q) + br|U~(R+) + INII2)] , 
IM->*)IU«(fi) -* as t — >• 00, 

where C depends only on fx and M . 

More general assertions of such kind (together with applications to barotropic fluid equations) were 
given in [E3l, pjjjl , and the lemma follows from these assertions. 

Lemma 13 Let \\v \\i,i(n) < / or some g G (4, 00). For v, the following estimate together with 
stabilization property hold 

\\\v\\\ q <qKW, 
ll«(-,*)lli<i(n) -* as 1 °°: 

where is independent of q. 

Proof: We consider v as the solution to problem ( |44| ) with given /1 := z^p, := p[rj,9]. By the bounds 
V < V an d lemma |7[ the following estimates are valid 

Ki 1 < pi, 

\\4>\\l^(q) < A^ 1/2 ||p[»7.ft']IU»(g) + lbiWIU»(g) II* - $r||i».-(g) < #2, 

INIIa <K 3 , 

and the result is proved, by appling the previous lemma |l2|. □ 

By collecting all of the results of the above lemmas the proof of theorem |l| is complete. □ 
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3.2 Proof of proposition |l| 

Note that condition N^ 1 < p s has been used above in lemma [l], but not in lemma ||. 
Let us turn to the proof of lemma supposing that in contrast to ( |l6| ) , we have 

V := supV(t) < oo. 

t>o 

By using the formula psrj = er\ + (ps — £)rj and the estimate 



(45) 



(PS ~ s)r) dx 



< (\pr\ + \\g\\mn)+e) V Ve > 0, 



we see that lemma [l] remains valid and consequently lemma [| is also valid. The quantities — 
now depend on V as well. 

Consider equation d43|). By applying the operator Iq to it and exploiting the bound r\ < rj, we get 

vlog-q > ^logry -I*(v- v ) + I a (p{i],8 r ] - p s ) - A' 1 / max{6' r - 6,0} 

as pi[r]} < K\. Let us introduce the set Et :— {x £ £1 : 8(x,t) < 8r}- Then 

||max{fl r -6(-,t),0}\\ cm < \\6 x {;t)\W{E t ) < ll^xC", t)\\^ {Et) 



< 



ly^(-,t)IU 1( o)<^ 1/2 ||^(-,t)||o. 
By using estimates (^2|) and ( f45| ) 

I max{6» r - 0(-, t), 0} < 6 T V 1/2 K^t 1 ' 2 . 
This estimate together with (^8|) imply 

v\ogr]> — K 2 -et + I o (p[r),0r}-Ps), Ve e (0,1). 

e 

As p s < m(#p), for some Xq and for e > and <5 > 0, both small enough, we have 

Ps(x) < m(6r) — Eo, for x € [x ,x + S\ C Q. 
By choosing e := Eq/2, estimate ( ff6| ) gives 

^log?7 > -£o^ ^2 on [^Cb-^O + S] x R + - 

2 £o 



But then 



V(t) > A 3 (5exp (^—t) -* oo as ^ oo, 



with K-i := exp ^— ^-A 2 J , which clearly contradicts (|45|). □ 

3.3 Proof of proposition [2] 

Suppose that in contrast to (|l7j ) 



sup 



w(a;, t) 



< Ci < oo. 



Set r)o(t) := ?/(0, t), consider equation ( p7|) for a; = and integrate it in t: 

^log?7o(*) = ^logr?°(0)+ / (v°(x) -v(x,t))dx+ [ p(t?o(t), 6 t ) dr 

Jn Jo 



(46) 



(47) 



(48) 
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as 0\ x =o = Or and ps(0) = 0. It is straightforward that (see (||) and (|47|)) 

j/logT7°(0)+ / (u°(x)-u(a;,t))dx 



<ifi + Ci. (49) 

Now set b(t) := J Q p{t]q{t), Or) dr. As p(r/,0r) > m(0r) = 0, the function b is increasing and positive 
on R + . Let us show the property 

b(t) — > oo as t — ► oo. (50) 
Indeed if, in contrast to this property, < < C2 on R + , then according to (Eq) and ( fi"9| ) 

< < C 3 on R + . 

This estimate implies p(rjo(t),0r) > £0 > on R + and so b(t) > e$t on R + . This contradiction proves 
©■ 

Property ( |l8| ) immediately follows from (p8|)-(|50|). 

Let us justify the last part of proposition By the conditions on ps and p(rj, Or), we can consider 



/>oo 

0<PsV, -P(r),6 r )= / p((,0 r ) d( > 
Jn 



So if we turn to the proof of lemma [l|, we see that it remains valid but only the first summand in ( pl| ) 
should be dropped. In particular ||w|| i 2.oc(g) < consequently property (^) holds, and by the first 

part of the proof so does property (|l8|) . 

3.4 Proof of theorem |2| 

Properties (|l9|) and (pol) imply the following estimates 



-(P(r),9r)-P(fj,9 r ))= (p (C) +Pi(C) Or) d( > p s (fj - r,) for < V < fj, 

P{j ] ,Q v )-P%dv)= f \po(C)+Pi(C)Or)dC<P s (f,- V ) for 7) < r?. 
Jfj 

Therefore 

PsV - F (v,9r) > C := min{-P(?7, r ) +p s V, -max i j< r ,< n P(r],9r), -P(fj,9r) +P s v} f° r all i] > 0. 

This means that lemma |l| remains valid but only the first summand in (|2l]) should be dropped. 
In order to check the bounds in lemmas |^ and g, we can use the properties, respectively 

p(r], 0) - ps(x) > for < ry < 17, < 6, and i€0, 

p(r], 0) — ps(x) < for fj < i], < 0, and x € fl 

(see properties ( p"9| ) and (p0|)). But by using equation (p7[), estimate (p^), and the remark after lemma || 
(with ^1=0 and eo = 0), the uniform bounds 77 < i](x, t) and r](x, t) < W in Q hold. 

After the bounds rj < r\ < rj, in fact, the rest of the proof of theorem |l| remains unchanged. 
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Appendix 

This appendix is devoted to the proof of the existence of a regular weak solution to the problem (||), (]?]), 
and (§). 

Proposition 3 Suppose that either conditions (j^j, and N^ 1 < p s , or ( f/ij j and ( p^ j are valid. 

Suppose also that K m S C(R + x R+) and rf,v a ,9° e H 1 ^), g S L 2 (fi) wif/i 

||r?°||HMU) + II^IIhMH) + II^IUmh) < N, \\g\\mn) < N, 
N- 1 ^!] , N-^e , v°(0)=0, 8°{0) = 9 r . 

Then for any T > 0, the problem and (j^) admits a unique regular weak solution, and it satisfies 

the following estimates 

\\ Vx \\ l ^ {Qt) + \\Th\\l?.-<fi T ) + \Hh^{ Qt ) + \\0\\ H ^(Q T ) < K^°\ (51) 

< v < n{x, t) < rj, <9 := (i^ 113 )" 1 < 9(x,t) in Q T . (52) 

Hereafter, the quantities Ki and K^> may depend also on T . 

Proof: We shall exploit a priori estimates given in theorems [l] and || and derive additional estimates 
in Qt in several steps. We shall finish by the proof of a local (in time) existence theorem. 

1. We set w :— v(logrj) x — v and rewrite the second equation (|^) as follows 

m = (por,[v] + pi v [vW) Vx + piivWx - g- 

By taking L 2 (Jl)-inner product with w, using the formula r\ x = ^rj(w + v) and the bounds rj < rj < rj, we 
obtain the inequality 

|lMln < K i + ll*IU-(n))(IMIn + \Ml) + \\e x \\l + \\g\\l] . 

The estimates ||0|U~ (a) < 9 T + VM\\9 x \\ n , \\9 X \\ Q < K<- 6 \ and ^(logyy ^ - v°\\ n < K 2 , together with 
the Gronwall lemma imply the bound ||iy|| £ 2,oo (q t ) < K3 and therefore 

\\rh\\u>.~{Q T ) <^ (12) - (53) 

Consequently, the function p is a Holder continuous one on Q T . 

2. The function u :~ I*v satisfies the nondivergent parabolic problem (see (|26| ) and (0),(||)) 

r Ut = vpu xx + p[jj, 8} - p s in Q, 

(54) 

I "=4=0 = 0, u L=m = °> u lt=o = rv w- 

The standard parabolic H 2,1 ' iq {QT)— estimates Jl6| together with the bounds rj < rj < 
c \\@\\v 2 (Qt) — ^i l ea( i to the estimate 

\\Vx\\lHQt) = Kx|Ue WT ) < K 2 (\\ P [ V ,9}- Ps \\ L e {QT) + \\v° \\ L e (n) ) < K^. (55) 

3. We also can consider the second equation (||) as a linear parabolic equation 

v t = {vpv x -p[v,d]) x + 9, 

with corresponding boundary and initial conditions (see (|?|) and (||)). After the bounds i] < rj <rj, (|53|), 



and (55), we have ||p 2 ,||i2,oo(g T ) < K\ and 

\\p[rj,9] x \\ QT <K 2 [{l + \\9\\ L ~,2 {QT) )\\n x \\ L ^ {QT) + \\8 x \\ QT \ < K 3 , 
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UvMQt < Ka [(1 + \\9\\l H Q T ))\K\\l H Q t ) + \\6 t \\Q T ] < K 5 (l + \\0 t \\ QT ). 

So the standard parabolic 7J 2,1 ((3T)-estimates ]l6| (or [El) imply 

\\v\\h^( Qt ) < K e (\\ P [v,9}\\hHq t ) + \\g\\n + \pr\ + ||w ||jn(n)) < K 7 {\ + \\9 t \\ QT ). (56) 
4. Let us turn to estimates for 9. We rewrite equation ( p4| ) as a linear parabolic equation 

c v 6 t = (A0 x ) x +F, (57) 

with A := k[?7, 0]p and F := {ypv x — p\[rj\9)v x . By the bounds k < n < k and r/ < r/ < rj, we get 
A'f 1 < A < Kx and 

H^Hot < ^2 (IMU«« T ) + ll^ll^(Q T )) ||«x||i*(Q T ) < #3, (58) 



where the estimates ||6>||_L 4 fq\ < -^4 an d ( |5q ) are again taken into account. Now, the standard parabolic 
i°°(QT)-estimates fjj (or §) imply 

\\0\\l- {Qt) < K 5 (\\F\\ Qt +9 r + ||0°|| L -, (n) ) < (59) 

5. Let us derive a uniform lower bound for 9. We divide equation ( j57| ) by —9 2 and transform it as 
follows 2 

c v (9- l ) t = (A{9-%) x 2A9- 3 9l - L/upv^' 1 - ^Pifo]) + ^(pM) 2 - (60) 

Set d := max{^ _1 — flp^O} and note that d\ x=0 = and A(9^ 1 ) x \ _ = 0. Now we multiply equation 
( |60| ) by qd^ 1 with q > 2, integrate the result over f2, apply the bounds rj < i] < rj and the Holder 
inequality and obtain 

c v ^- I d q dx<qf ^-(jn[ri]) 2 dP- 1 dx < qK! ( f d q dx 
at Jn Jn 4^ \Jq j 

By solving this differential inequality (for example see lemma 1.4 in [53), we find 

\\d(-,t)\\ Lq{n) < \\d°\\ Lq{n) + Kxt, 

with d° :— max{(6>°) 1 — flp 1 , 0} < N. By passing to the limit as q — > oo, we get 

\\d\\ L - {QT) <N + KiT=:K3. 
This estimate together with O^ 1 < d + 9^ 1 imply 

9 := (K^)- 1 < 9 in Q T . (61) 

6. Let us prove ff 2,1 (Qr)-bound for 9. Introduce the function )C(rj,9) :— Jg r K ^ 9 ' 1 d9, and notice 
that fC\r), ^1L_ n = 0. By taking L 2 (Q r )-inner product of equation ( |57| ) with K,[r),9]t we obtain (compare 
with [ |14[ ) 

(cvOiJC[r),0\t+irK[r),0] x t) dxdt= [ F ■ K[rj,9] t dxdt, for < r < T. (62) 

Jq t 

The following formulas hold 

fC[r),9] t = K.[r),9] n v x + A9 t , K[r},9] x = K. v [r),9] i] x + it, 
K-lv, 9]xt = [fcrmiil, 9} v x + K n e[r], 9} 9 t ) r\ x + fC v [r], 9} v xx + n t . 
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By using the bounds rj < 77 < rj together with 9< 9 < K^ 14 ^ (see ( p39| ) and (|6l|)) we have 

\K v [ri,6}\ + \ Km M] | + 1 tC v e faO]\<K . 
Now from equality ( |6^ ) it follows that 

<K 2 [ [\6 t \ \v x \ + \n\ ((\v x \ + \6 t \)\7) x \ + \v xx \) + \F\(\v x \ + \0 t \)] dxdt 



< k 2 [H^IIqtII^IIqt + lklU». 2 (Qx) (II^IIqt + II^IIqt) \\vx\\l*>°°(q t ) 

+ h\\Q T \\v xx \\ QT + \\F\\q t (K||q t + ||^t||Q r )] ■ 

Let us use the estimates HUxIIqt < ||7t||q t < K3 as well as (^3|) , (|56|) , and fl58|) , for rj x ,v, and F. By 

applying also the estimate ||7r|j L oo,2 (QT) < \/2|K|| 0^11^11^ < \/2K 3 \\ir x \\^, we get 

Wtt QT + h\\i*,~ (QT) < k a (1 + \\w x \\ Qt + \\e t \\ QT ) . 

By combining this estimate and the trivial one ||7r :E ||Q T < Cv||^t||QT + 11-^11 Qt ( see (P^D)) we obtain 

Pt\\Q T + h\\v 2 (Q T ) < K 5 . 



In particular \\9 X \\ L 2, oo (Qt) < K 6 and ||7r|| L ~,2 ( Q T) < VMK 5 . 
Therefore by using the formula 

O xx = {A^tt)^; = (k v [ti, 0}t] x + Kg[ri, 9}9 X ) n + k[t), 9}n x , 

with k(t), 9) := ;^y, we also get 

||^x||q t < K 7 [(II ?7x II 1,2,0= (q t ) + \\9 x \\ L 2,^ {Qt) ) ||7r|| L oo,2 (Qr) + ||7r x || Qr ] < K 8 . 

So the estimate ||0||#2,i(Q T ) < is proved. As a consequence IM|ir 2 .i(Q T ) < (see (|5rj)). This 

completes the proof of all the a priori estimates ( |5l|) and (|52| ) . 

It is not difficult to verify the uniqueness of a regular weak solution similarly to || . 

7. Now we briefly describe the proof of a local existence theorem. Let us fix the data satisfying the 
hypotheses and the additional conditions 

PO 1)7)1 Pi T)T) 

eC(R+), Vxx ,g x &L 2 (Q). (63) 

We define the Banach space B r ,0 < r < T, of triples z — (rj,v,6) equipped with the norm ||z||_b t = 
II 2 IIq t + I z .t||l 4 (Q t ) + I^IIQt an( i the bounded closed convex set 

S T = {z e B T | H^xlU*^) + |M| Qt < N u (2N)- 1 < 77 < 2c iV, (27V)- 1 < 9 < 2c Q N, v\ x=0 = 0} , 

where N% > and cq is such that rp < cqN, 9° < cqN. 

We introduce also the nonlinear operator A : S T — > B r such that A(rj,v,9) — (r/,v,6), where 9 and v 
satisfy the linear parabolic equations 

c v 9 t = {k[v,9]p9 x ) x + (vpv x -pi[rj\6)v x in Q T , (64) 

v t = {vpv x - p[rj, 9]) x + g in Q T , (65) 
with p = rj^ 1 , and 77 > satisfies the ordinary differential equation 

(y \o%r\) t =p[r), 9} - p s - I*v t in Q T , (66) 
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together with the boundary conditions 

9\x=o = 0r, {k%6}p6x)\x=m = 0, (67) 
u|x=o = 0, (vpv x —p[ff,9])\ x=M = -Pr, (68) 

and the initial conditions (||). 

Problems (|i]) and (|67]) ; (^35j) and (]6^) ; and (^36|) , with the initial conditions (||) , can be solved sequen- 
tially. By the linear parabolic equation theory there exist unique solutions 9, v G iJ 2,1 ((5 T ) to the first 
and second problems, and they satisfy the estimates 

||fl||^.VOr)<^i«p(^||(«^?]p)x|lt*(o T )) ( 1 + ll**(Qr)) ^> ( 69 ) 

M\h^{ Qt ) <K 4 exp(K 5 (l + \\p x \\ 4 Li{Qr) )) (l + \\p[rj,9]\\ HHQT) ) < K 6 , (70) 

compare with above items 3 and 6. Hereafter the quantities Ki (excluding K\,K% and K^K^) depend 
also on N\. 

The following inequalities hold 

\\v\\l*( Qt ) < c^ry/^Mv^ G V 2 (Q r ), (71) 

\\ V - ^|t=o|| c( Q T) < c 2 (My^y\\ H ,, HQT) Vcp G H 21 {Q T ) (72) 
(which follow from the Holder inequality, the embedding V%{Qt) C L 6 (Qt), and the inequality ||0|| C (n) — 
c 3 (M)||0||^ 2 ||^||^? (fi) ). Thus ' for < t < ri small enough, 

ikiMqo + \\vx\\lhqt) ^ ^ a w -1 2c ° N in Qr- (73) 

We rewrite the problem for rj as the integral equation 

i/log?? = z/log77° +/ (pM] -Ps) -J*(«- v°). (74) 

For < t < T2 small enough, this equation has a unique solution r\ G C(Q T ), rj > 0, and it satisfies the 
bounds 

(27V)- 1 < 77 < 2c iV in Q T . (75) 
Moreover, from @ and @ it follows that ij t G V^(Q T ), 77 G iJ 24 (Q T ), and 

IMk(Q T ) < #7, |MU2.~(Q T ) < #8, ||?7 m ||l2,oo ( q t) < Kg (76) 

(for the last estimate we use conditions (^3|)). So by applying estimate (|7l|), for < t < t 3 small enough, 

IMU««r) + IMlQ T < ^1/2. (77) 
In addition, the following estimate holds 

sup 7 - 1 / 2 ||A 7 r, t || Q _ 7 < K 10 (78) 

0<7<t 

with A~yip(x, t) = <p(x, t + 7) — ip(x, t). This estimate is valid in virtue of the equation 

v{\og n)t = p[ri, 9] - p[rj, 9] + vpv x 

(where equation ( p^ ) is used) and the known estimate sup 0<7<r 7~ 1 ^ 2 || A 7 (^ x ||q t _ t < c^M, T)\\ip\\ H 2,i^Q^ 
for all Lp G H^iQr). 

Thus, for r = min{ri,r 3 }, the operator A is well defined and A(Sy) C 5-, see (|73|), ([75^, and (|77|). 



Moreover estimates (f39|), (70), (|7q), and (78) imply that the set A(Sf) is precompact in B-. 
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To prove the continuity of A, take a sequence {z n } C S-, \\z n — z\\&~ — > as n — > oo and set 
z n = (Vni v n, On) '■— &Zn an< 4 z = (77, v, 8) :— AS. By considering problems for 9 — 6 n and v — v n , applying 
the standard parabolic energy estimate and estimates j69| ) , (fTOj ) , we obtain 

||0-Mv a (<w < a'hIIS'-^IIb^-^o, 

lk~ u «||y 2 (Q-) < K 12 (\\z- z n \\ B _+\\9 - 9 n \\ Q _) -> 0. 
Considering the difference of equation ( ^4[ ) for 77 and the similar one for r\ n , we also obtain 

\\r) - Vnh^^(Q-) < K 13 {\\6 - 6 n \\ Q _ + \\v - V n \\ L 2,^ {Q _ } ) 0. 

As the set ^4(5—) is precompact, the last three limiting properties imply that \\z — z„||b- ~~ * 0. 

Combining all the properties of S- and A, by the classical Schauder theorem, we establish that A has 
a fixed point in S 1 — . Evidently this fixed point serves as a regular weak solution to the original problem 
(|), (§, and (|) in Q- 

Condition (|63|) can be removed by the standard argument (by smoothing po,Pi and 77°, g and passing 
to the limit). □ 



Remark: 

In the case k 



k(tj), the existence of K m £ C(R + ) is not required and the proof can be simplified in 
an essential manner. Namely, the standard parabolic 7J 2,1 ((5T)-estimates imply ||^||ff2.irg T ) < K^- 15 ^ in 
step 3, and estimate (59) in step 4 together with the main part of step 6 can be omitted. 
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